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We study the gravitational collapse of a generalised Vaidya spacetime in the context of the Cosmic
Censorship hypothesis. We develop a general mathematical framework to study the conditions on
the mass function so that future directed non-spacelike geodesics can terminate at the singularity
in the past. Thus our result generalises earlier works on gravitational collapse of the combinations
of Type-I and Type-II matter fields. Our analysis shows transparently that there exist classes of
generalised Vaidya mass functions for which the collapse terminates with a locally naked central
singularity. We calculate the strength of the these singularities to show that they are strong curvature
singularities and there can be no extension of spacetime through them.
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I. INTRODUCTION
The Vaidya spacetime [1], also known as the radiating
Schwarzschild spacetime, describes the geometry outside
a radiating spherically symmetric star. The radiation ef-
fects are important in the later stages of gravitational
collapse of a star, when considerable amount of energy
in form of photons or neutrinos is ejected from the star.
This makes the collapsing star to be surrounded by an
ever expanding zone of radiation. If we treat the com-
plete non-static configuration of the radiating star and
the zone of radiation as an isolated system within an
asymptotically flat universe, then beyond the expanding
zone of radiation the spacetime may be described by the
Schwarszchild solution. The Vaidya solution is of Petrov
type D and possesses a normal shear-free null congruence
with non-zero expansion. In terms of exploding (implod-
ing) null coordinates the metric is given as
ds2 = −
[
1− 2m(v)
r
]
dv2 + 2dvdr + r2dΩ2, (1)
where  = ±1 describes incoming (outgoing) radiation
shells respectively, the function ‘m(v)’ is the mass func-
tion and dΩ2 describes the line element on the 2-sphere.
One of the earliest counterexamples of Cosmic Censor-
ship Conjecture (CCC), with a reasonable matter field
satisfying physically reasonable energy conditions, was
found in the shell focussing singularity formed by implod-
ing shells of radiation in the Vaidya-Papapetrou model
[2, 3]. In this case, radially injected radiation flows into
an initially flat and empty region, and is focussed into
a central singularity of growing mass. It was shown
that the central singularity at (v = 0, r = 0) becomes
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a node with definite tangent for families of non-spacelike
geodesics, for a non-zero measure of parameters in the
model. Hence the singularity at (v = 0, r = 0) is naked
in the sense that families of future directed non-spacelike
geodesics going to future null infinity terminate at the
singularity in the past. For a detailed discussion on the
censorship violation in radiation collapse we refer to [4].
The generalisation of the Vaidya solution, also known
as the generalised Vaidya spacetime, that includes all the
known solutions of Einstein’s field equations with com-
bination of Type-I and Type-II matter fields, was given
by Wang and Yu [5]. This generalisation comes from the
observation that the energy momentum tensor for these
matter fields are linear in terms of the mass function.
As a result, the linear superposition of particular solu-
tions is also a solution to the field equations. Hence, by
superposition we can explicitly construct solutions such
as the monopole-de Sitter-charged Vaidya solution and
the Husain solution. Generalised Vaidya spacetimes are
also widely used in describing the formation of regular
black holes [6], dynamical black holes [7] and black holes
with closed trapped regions [8]. The generalised Vaidya
model can be matched to a heat conducting interior of a
radiating star as recently shown by [9]. Also, generalised
Vaidya spacetime emerges naturally while solving many
other astrophysical and cosmological scenarios [10, 11].
The main goal of this paper is to study the gravita-
tional collapse of generalised Vaidya spacetimes in the
context of CCC. We develop a general mathematical
framework to study the conditions on the mass function
so that future directed non-spacelike geodesics can ter-
minate at the singularity in the past. Thus our result
generalises the earlier works on gravitational collapse of
Type-II matter fields and also shows transparently that
there exist classes of generalised Vaidya mass function
(of non-zero measure) for which the collapse terminates
with a locally naked singularity. We also calculate the
strength of the naked singularities to show that they are
strong curvature singularities and there is no extension
of spacetime through these singularities.
The paper is organised as follows: In the next section
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2we discuss the generalised Vaidya solution. In section
3 we consider a type II matter field undergoing gravi-
tational collapse to a spacetime singlarity. In section 4
we analyse the central singularity (at v = 0, r = 0) to
find out the conditions on the mass function such that
the singularity is a node with a definite tangent for non-
spacelike geodesics. In section 5 we discuss the strength
of the naked central singularity. Finally in the last section
we apply our result to some well known collapse models
to recover the conditions for CCC violation.
Unless otherwise specified, we use natural units (c =
8piG = 1) throughout this paper, Latin indices run from
0 to 3. The symbol ∇ represents the usual covariant
derivative and ∂ corresponds to partial differentiation.
We use the (−,+,+,+) signature and the Riemann ten-
sor is defined by
Rabcd = Γ
a
bd,c − Γabc,d + ΓebdΓace − ΓebcΓade , (2)
where the Γabd are the Christoffel symbols (i.e. symmet-
ric in the lower indices) defined by
Γabd =
1
2
gae (gbe,d + ged,b − gbd,e) . (3)
The Ricci tensor is obtained by contracting the first and
the third indices
Rab = g
cdRcadb . (4)
The Hilbert–Einstein action in the presence of matter is
given by
S = 1
2
∫
d4x
√−g [R− 2Λ− 2Lm] , (5)
variation of which gives the Einstein field equations
Gab + Λgab = Tab . (6)
II. GENERALISED VAIDYA SPACETIME
We know that the most general spherically symmet-
ric line element for an arbitrary combination of Type-I
matter fields (whose energy momentum tensor has one
timelike and three spacelike eigenvectors) and Type-II
matter fields (whose energy momentum tensor has dou-
ble null eigenvectors) is given by [12]:
ds2 = −e2ψ(v,r)
[
1− 2m(v, r)
r
]
dv2 + 2eψ(v,r)dvdr
+r2(dθ2 + sin2 θdφ2), ( = ±1). (7)
Here m(v, r) is the mass function related to the gravita-
tional energy within a given radius r [13]. When  = +1 ,
the null coordinate v represents the Eddington advanced
time, where r is decreasing towards the future along a
ray v = Const. and depicts ingoing null congruence while
 = −1 depicts an outgoing null congruence.
The specific combination of matter fields that makes
ψ(v, r) = 0 gives the generalised Vaidya geometry. In
this paper, as we are considering a collapse scenario, we
take  = +1. Particularly, we consider a line element of
the form
ds2 = −
(
1− 2m(v, r)
r
)
dv2 + 2dvdr + r2dΩ2. (8)
Using the following definitions
m˙(v, r) ≡ ∂m(v, r)
∂v
, m′(v, r) ≡ ∂m(v, r)
∂r
, (9)
the non-vanishing components of the Ricci tensor can be
written as
Rvv = R
r
r =
m′′(v, r)
r
, (10a)
Rθθ = R
φ
φ =
2m′(v, r)
r2
, (10b)
while the Ricci scalar is given by
R =
2m′′(v, r)
r
+
4m′(v, r)
r2
. (11)
The non-vanishing components of the Einstein tensor can
be written as
Gvv = G
r
r = −
2m′(v, r)
r2
, (12a)
Grv =
2m˙(v, r)
r2
, (12b)
Gθθ = G
φ
φ = −
m′′(v, r)
r
. (12c)
Using the Einstein field equations, the corresponding en-
ergy momentum tensor can be written in the form [5, 14]
Tµν = T
(n)
µν + T
(m)
µν , (13)
where
T (n)µν = µlµlν , (14a)
T (m)µν = (ρ+ %)(lµnν + lνnµ) + %gµν , (14b)
and
µ =
2m˙(v, r)
r2
, ρ =
2m′(v, r)
r2
, % = −m
′′(v, r)
r
. (15)
In the above lµ and nµ are two null vectors
lµ = δ
0
µ, nµ =
1
2
[
1− 2m(v, r)
r
]
δ0µ − δ1µ, (16)
where lµl
µ = nµn
µ = 0 and lµn
µ = −1.
Equation (13) can be considered as the energy mo-
mentum tensor of the generalised Vaidya solution, with
the component T
(n)
µν is the matter field that moves along
the null hypersurfaces v = Const., while T
(m)
µν describes
3the matter moving along timelike trajectories. When
ρ = % = 0, the solution reduces to the Vaidya solution
with m = m(v).
If the energy momentum tensor of Equation (13) is
projected to the orthonormal basis, defined by the four
vectors,
Eµ(0) =
lµ + nµ√
2
, Eµ(1) =
lµ − nµ√
2
,
Eµ(2) =
1
r
δµ2 , E
µ
(3) =
1
r sin θ
δµ3 , (17)
it can be shown that [5]
[
T(µ)(ν)
]
=

µ
2 + ρ
µ
2 0 0
µ
2
µ
2 − ρ 0 0
0 0 % 0
0 0 0 %
 . (18)
This form of the energy momentum is a combination of
Type-I and Type-II fluids as defined in [15], with the
following energy conditions
a) The weak and strong energy conditions
µ ≥ 0, ρ ≥ 0, % ≥ 0, (µ 6= 0). (19)
b) The dominant energy conditions
µ ≥ 0, ρ ≥ % ≥ 0, (µ 6= 0). (20)
These energy conditions can be satisfied by choosing
the mass function m(v, r) suitably. In particular, when
m = m(v), all the energy conditions (weak, strong, and
dominant) reduce to µ ≥ 0, while when m = m(r) we
have µ = 0, and the matter field degenerates to a Type-I
fluid with the usual energy conditions [15] .
III. COLLAPSING MODEL
In this section, we examine the gravitational collapse
of imploding radiation and matter described by the gen-
eralised Vaidya spacetime. In this situation, a thick shell
of radiation and Type-I matter collapses at the centre of
symmetry [4].
If Kµ is the tangent to non-spacelike geodesics with
Kµ = dx
µ
dk , where k is the affine parameter, then
Kµ;νK
ν = 0 and
gµνK
µKν = β, (21)
where β is a constant that characterises different classes
of geodesics. β = 0 describes null geodesics, while
β < 0 applies to timelike geodesics. The equations
for dKv/dk and dKr/dk are calculated from the Euler-
Lagrange equations
∂L
∂xα
− d
dk
(
∂L
∂x˙α
)
= 0, (22)
with the Lagrangian
L =
1
2
gµν x˙
µx˙ν , (23)
where the dot is a derivative with respect to the affine
parameter k. These equations are given by
dKv
dk
+
(
m(v, r)
r2
− m
′(v, r)
r
)
(Kv)
2 − `
2
r3
= 0, (24a)
dKr
dk
+
m˙(v, r)
r
(Kv)
2 − `
2
r3
(
1− 2m(v, r)
r
)
− β
(
m(v, r)
r2
− m
′(v, r)
r
)
= 0. (24b)
The components Kθ and Kφ of the tangent vector are
given by[4]
Kθ =
` cosϕ
r2 sin2 θ
, (25a)
Kφ =
` sinϕ cosφ
r2
, (25b)
where ` is the impact parameter and ϕ is the isotropy
parameter defined by the relation sinφ tanϕ = cot θ.
If we follow [3] and write Kv as
Kv =
P
r
, (26)
where P = P (v, r) is an arbitrary function, then
gµνK
µKν = β gives
Kr =
P
2r
[
1− 2m(v, r)
r
]
− `
2
2rP
+
βr
2P
. (27)
4From Equation (26), we have
dKv
dk
=
d
dk
(
P
r
)
=
1
r
dP
dk
− P
r2
dr
dk
. (28)
Thus
dP
dk
=
1
r
(
r2
dKv
dk
+ P
dr
dk
)
. (29)
Substituting Equations (24a) and (27) into Equation (29)
gives the differential equation satisfied by the function P :
dP
dk
=
P 2
2r2
(
1− 4m(v, r)
r
+ 2m′(v, r)
)
+
`2
2r2
+
β
2
. (30)
The function P (v, r) can be found if the mass function
m(v, r) and the initial conditions are defined (See for ex-
ample, [3]).
IV. CONDITIONS FOR LOCALLY NAKED
SINGULARITY
In this section we examine, given the generalised
Vaidya mass function, how the final fate of collapse is
determined in terms of either a black hole or a naked
singularity. If there are families of future directed
non-spacelike trajectories reaching faraway observers in
spacetime, which terminate in the past at the singularity,
then we have a naked singularity forming as the collapse
final state. Otherwise when no such families exist and
event horizon forms sufficiently early to cover the singu-
larity, we have a black hole. The equation for the radial
null geodesics (` = 0, β = 0) for the line element (8) can
be easily found, using equations (26) and (27), which is
given by
dv
dr
=
2r
r − 2m(v, r) . (31)
The above differential equation has a singularity at r =
0, v = 0. The nature of this singularity can be anal-
ysed by the usual techniques of the theory of ODE’s
[17, 18]. Whereas the procedures used below are stan-
dard, we shall describe the case treated here in some
detail so as to give the exact picture of the nature of the
central singularity at r = 0, v = 0.
A. Structure of the central singularity
We can generally write Equation (31) in the form
dv
dr
=
M(v, r)
N(v, r)
, (32)
with the singular point at r = v = 0, where both the
functions M(v, r) and N(v, r) vanishe. Hence we should
carefully analyse the existence and uniqueness of the so-
lution of the above differential equation in the vicinity of
this singularity. At this point it is useful to introduce a
new independent variable t with differential dt such that
dv
M(v, r)
=
dr
N(v, r)
= dt, (33)
so that the differential equation (32) can be replaced by
a system
dv(t)
dt
= M(v, r)
dr(t)
dt
= N(v, r) . (34)
We would like to emphasise here that all the solutions of
equation (32) is a solution of the system (34) and hence
we study the behaviour of this system of equations near
the singular point r = v = 0 in the (r, v) plane. We can
easily see that the singular point of (32) is a fixed point
of the system (34). To find the necessary and sufficient
conditions for existence of the solutions of this system in
the vicinity of the fixed point r = v = 0, let us write (34)
as a differential equation of the vector x(t) = [v(t), r(t)]T
on R2 as
dx(t)
dt
= f(x(t)) (35)
Now to show the existence and uniqueness of the solution
with respect to the initial conditions arbitrarily near the
fixed point of the above system (since the initial condi-
tions on the fixed point will imply the system stays on
the fixed point) we give the following definitions:
Definition 1. The function f : R2 → R2 is differ-
entiable at x = x0, if the partial derivatives of the
functions M and N with respect to r and v exist at that
point. The derivative of the function, Df , is given by
the 2× 2 Jacobian matrix
[
M,v M,r
N,v N,r
]
.
Definition 2. Suppose U is an open subset of R2, then
f : U → R2 is of class C1 iff the partial derivatives
M,v,M,r, N,v, N,r exist and are continuous on U .
Henceforth we will consider the function f to be of
class C1 throughout the spacetime. Let us now show
that there exists a unique solution to the system (35)
subject to the initial condition x(t0) = x0, where x0 is
arbitrarily near the fixed point of the equation. Let us
define an operator T in the following way:
Definition 3. Let T : R2 → R2 be an operator acting on
all continuous and differentiable vectors y(t) on R2 and
takes them to the image Ty(t) defined as
Ty(t) = x0 +
∫ t
t0
f(y(s))ds .
5We now prove an important property of this operator
T , subject to the function f being class C1,
Lemma 1. Let U 3 x0 be an open subset of R2 and f :
U → R2 is of class C1 and y(t), z(t) are continuous and
differentiable vectors on U . Then there always exists an
-neighbourhood B(x0) of x0 in which |Ty(t)−Tz(t)| ≤
κ|y(t) − z(t)| where 0 ≤ κ ≤ 1. In other words T is an
contraction mapping on B(x0).
Proof. Let K0 = max|x−x0|≤||Df(x)||. Then we have
|Ty(t)− Tz(t)| =
∣∣∣∣∫ t
t0
(f(y(s))− f(z(s))) ds
∣∣∣∣ . (36)
The above equation can be written as
|Ty(t)− Tz(t)| =
∣∣∣∣∣
∫ t
t0
(∫ y(s)
z(s)
Df(r)dr
)
ds
∣∣∣∣∣ , (37)
and therefore we get the inequality
|Ty(t)− Tz(t)| ≤ K0|(t− t0)| |y(t)− z(t)| . (38)
Hence there always exists an open interval (t0−h, t0 +h)
(that corresponds to a neighbourhood around x0) where
K0|(t− t0)| ≤ 1 and T is a contraction mapping.
Having established the existence of a contraction map-
ping in a neighbourhood of the point x0 and recalling
that R2 is a complete metric space, we now use the fol-
lowing theorem to establish the existence and uniqueness
of the solution of the system (35) subject to the initial
condition x(t0) = x0.
Theorem 1. If T : X → X is a contraction mapping
on a complete metric space X, then there is exactly one
solution of the equation Tx = x.
The above theorem establishes a unique solution of the
system (35) with the initial condition x(t0) = x0 in an
-neighbourhood of the point x0 which is given by
x(t) = x0 +
∫ t
t0
f(x(s))ds . (39)
The assumption that f : U → R2 is of class C1 assures
the solution to be continuous and differentiable in this
neighbourhood. Let us now find the nature of the fixed
point r = v = 0 of the system (35). As the partial deriva-
tives of the functions M and N exist and are continuous
in the neighbourhood of the fixed point, we can linearise
the system near the fixed point and hence the general be-
haviour of this system near the singular point is similar
to the characteristic equations [17]
dv
dt
= Av +Br
dr
dt
= Cv +Dr, (40)
where A = M˙(0, 0), B = M ′(0, 0), C = N˙(0, 0),
N ′(0, 0) = D, with the dot denoting partial differentia-
tion with respect to the variable v while the dash denotes
partial differentiation with respect to the coordinate r
and AD−BC 6= 0. By using a linear substitution of the
type
ξ = αv + ωr
η = γv + δr, (41)
where αδ − ωγ 6= 0, and the equation
dη
dξ
=
χ2η
χ1ξ
, (42)
the system (40) can be reduced into the form
dξ
dt
= χ1ξ
dη
dt
= χ2η. (43)
Using equations (40), (41) and (43), it can be found that
α(Av +Br) + ω(Cv +Dr) = χ1(αv + ωr)
γ(Av +Br) + δ(Cv +Dr) = χ2(γv + δr).
By equating the coefficients of v and r in the above equa-
tions, we obtain
(A− χ1)α+ Cω = 0
Bα+ (D − χ1)ω = 0 (44)
and
(A− χ2)γ + Cδ = 0
Bγ + (D − χ2)δ = 0. (45)
The above equations in α, ω and γ, δ may be satisfied
by the values of α, ω, γ, δ not all zero if the determinant
of the coefficients is zero. That is∣∣∣∣ A− χ CB D − χ
∣∣∣∣ = 0, (46)
or
χ2 − (A+D)χ+AD −BC = 0. (47)
This is the characteristic equation with roots (eigenval-
ues) χ1 and χ2 given by
χ =
1
2
(
(A+D)±
√
(A−D)2 + 4BC
)
. (48)
The singularity of Equation (40) is classified as a node if
(A−D)2 + 4BC ≥ 0 and BC > 0. Otherwise, it may be
a centre or focus.
Now, for the equation (31) we have M(v, r) = 2r,
N(v, r) = r−2m(v, r). If at the central singularity, v = 0,
6r = 0, we define the following limits
m0 = lim
v→0,r→0
m(v, r), (49a)
m˙0 = lim
v→0,r→0
∂
∂v
m(v, r), (49b)
m′0 = lim
v→0,r→0
∂
∂r
m(v, r), (49c)
then the null geodesic equation can be linearised near the
central singularity as
dv
dr
=
2r
(1− 2m′0)r − 2m˙0v
. (50)
Clearly, this equation has a singularity ar v = 0, r = 0.
We can determine the nature of this singularity by ob-
serving the value of the discriminant of the characteristic
equation. Using equation (48), the roots of the charac-
teristic equation are given by
χ =
1
2
(
(1− 2m′0)±
√
(1− 2m′0)2 − 16m˙0
)
. (51)
For the singular point at r = 0, v = 0 to be a node, it is
required that
(1− 2m′0)2 − 16m˙0 ≥ 0 and m˙0 > 0. (52)
Thus, if the mass function m(v, r) is chosen such that
the condition in Equation (52) is satisfied, then the sin-
gularity at the origin (v = 0, r = 0) will be a node and
outgoing non-spacelike geodesics can come out of the sin-
gularity with a definite value of the tangent.
B. Existence of outgoing non-spacelike geodesics
Let us now return to the physical problem of the col-
lapsing generalised Vaidya spacetime and let us choose
the mass function that has the following properties:
1. The mass function m(v, r) obeys all the physically
reasonable energy conditions throughout the space-
time.
2. The partial derivatives of the mass function exist
and are continuous on the entire spacetime.
3. The limits of the partial derivatives of the mass
function m(v, r) at the central singularity obey the
conditions: (1− 2m′0)2 − 16m˙0 ≥ 0 and m˙0 > 0.
The choice of the mass function with the above prop-
erties would ensure the existence and uniqueness of the
solutions of the null geodesic equation in the vicinity of
the central singlarity and will also make the central sin-
gularity a node of C1 solutions with definite tangents.
To find the condition for the existence of outgoing ra-
dial non-spacelike geodesics from the nodal singularity,
we consider the tangent of these curves at the singular-
ity. Suppose X denotes the tangent to the radial null
geodesic. If the limiting value of X at the singular point
is positive and finite then we can see that outgoing fu-
ture directed null geodesics do terminate in the past at
the central singularity. The existence of these radial null
geodesics characterises the nature (a naked singularity or
a black hole) of the collapsing solutions. In order to deter-
mine the nature of the limiting value of X at r = 0, v = 0
we define
X0 = lim
v→0,r→0
X = lim
v→0,r→0
v
r
. (53)
Using Equation (50) and L’Hospital’s rule (for the C1
null geodesics) we get
X0 = lim
v→0,r→0
v
r
=
dv
dr
=
2
(1− 2m′0)− 2m˙0( vr )
, (54)
which simplifies to
X0 =
2
(1− 2m′0)− 2m˙0X0
. (55)
Solving for X0 gives
X0 = b± =
(1− 2m′0)±
√
(1− 2m′0)2 − 16m˙0
4m˙0
. (56)
If we can get one or more positive real roots by solving
equation (55), then the singularity may be locally naked
if the null geodesic lies outside the trapped region. In
the next subsection we will calculate the dynamics of the
trapped region to find the conditions for the existence of
such geodesics.
C. Apparent horizon
The occurrence of naked singularity or black hole is
usually decided by casual behaviour of the trapped sur-
faces developing in the spacetime during the collapse evo-
lution. The apparent horizon is the boundary of trapped
surface region in the spacetime. For the generalised
Vaidya spacetime the equation of the apparent horizon
is given as
2m(v, r)
r
= 1. (57)
Thus, the slope of the apparent horizon can be calcu-
lated in the following way: we know
2dm(v, r)
dr
= 1, (58a)
2
(
∂m
∂v
)(
dv
dr
)
AH
+
2∂m
∂r
= 1, (58b)
7which finally gives the slope of the apparent horizon at
the central singularity (v → 0, r → 0) as(
dv
dr
)
AH
=
1− 2m′0
2m˙0
. (59)
Thus now we have the sufficient conditions for the exis-
tence of a locally naked central singularity for a collaps-
ing generalised Vaidya spacetime, which we state in the
following proposition:
Proposition 1. Consider a collapsing generalised
Vaidya spacetime from a regular epoch, with a mass func-
tion m(v, r) that obeys all the physically reasonable en-
ergy conditions and is differentiable in the entire space-
time. If the following conditions are satisfied :
1. The limits of the partial derivatives of the mass
function m(v, r) at the central singularity obey the
conditions: (1− 2m′0)2 − 16m˙0 ≥ 0 and m˙0 > 0,
2. There exist one or more positive real roots X0 of
the equation (56),
3. At least one of the positive real roots is less than(
dv
dr
)
AH
at the central singularity,
then the central singularity is locally naked with outgoing
C1 radial null geodesics escaping to the future.
FIG. 1: Variation of X0 (red and blue) and
(
dv
dr
)
AH
(green)
with m′0 at fixed value m˙ = 0.0015
Figure 1 shows the values of X0 and
(
dv
dr
)
AH
when m′0
is varied in the interval −3.0 ≤ m′0 ≤ 0.42 for a fixed
value of m˙0. It can be observed from the figure that the
value of X0 = b± is always below the value of
(
dv
dr
)
AH
,
and thus there exist open sets of parameter values for
which the singularity is locally naked.
V. STRENGTH OF SINGULARITY
To compute the strength of singularity according to
Tipler [20], which is the measure of its destructive ca-
pacity in the sense that whether extension of space-
time is possible through them or not [16], we consider
the null geodesics parameterized by the affine parame-
ter k and terminating at the shell focusing singularity
r = v = k = 0. Following Clarke and Krolack [19], a
singularity would be strong if the condition
lim
k→0
k2ψ = lim
k→0
k2RµνK
µKν > 0, (60)
as defined by Tipler [20] (which is the sufficient con-
dition for the singularity to be Tipler strong) where
Rµν is the Ricci tensor, is satisfied. We find the scalar
ψ = RµνK
µKν using equations (10) (26) and (27) as
ψ = (2m˙0)
(
P
r2
)2
, (61)
and therefore,
k2ψ = (2m˙0)
(
Pk
r2
)2
. (62)
Using equations (26), (27) and L’Hospital’s rule, we can
evaluate the limit along non-spacelike geodesics as k → 0.
This limit is found to be
lim
k→0
k2ψ = (2m˙0) lim
k→0
(
Pk
r2
)2
. (63)
If we assume that P 6= 0, ∞, then by using L’Hospital’s
rule we have
lim
k→0
(
Pk
r2
)
= lim
k→0
(
Pdk
2rdr
)
. (64)
From equation (26), Pr =
dv
dk . Therefore
lim
k→0
(
Pk
r2
)
=
1
2
dv
dk
dk
dr
=
1
2
dv
dr
=
1
2
X0. (65)
Thus, we finally get
lim
k→0
k2ψ =
1
4
X20 (2m˙0). (66)
We observe that the strength of the central singularity
depends only on the limit of the derivative of mass func-
tion with respect to v and the limiting value X0.
With the suitable choice of the mass function (see Ta-
ble I for some special cases), it can be shown that
lim
k→0
k2ψ =
1
4
X20 (2m˙0) > 0. (67)
If this condition is satisfied for some real and positive
root X0, then we conclude that the observed naked sin-
gularity is strong. It is interesting to note that when the
energy conditions are satisfied, then if a naked singular-
ity is developed as a end state of the collapse, then that
naked singularity is always strong.
8TABLE I: Equations of tangents X0 to the singularity curve and values of lim
k→0
k2ψ for some special sub-classes of generalised
Vaidya spacetime
Spacetime Equation for tangent to the singularity curve X0 lim
k→0
k2ψ
Vaidya X0 =
2
1−λX0 or X0 =
1±√1−8λ
2λ
, 0 < λ ≤ 1
8
1
4
λX20
Charged Vaidya µ2X30 − 2λX20 +X0 − 2 = 0 12X20
(
λ− µ2X0
)
Charged Vaidya-de Sitter µ2X30 − 2λX20 +X0 − 2 = 0 12X20
(
λ− µ2X0
)
Husain solution 2µ2
(
1− 2k
2k−1
)
X2k+10 + λX
2
0 − 2X0 + 4 = 0 14X20
(
λ− 4kµ2
2k−1X
2k−1
0
)
VI. SOME SPECIAL SUB-CLASSES OF
GENERALISED VAIDYA
Using equation (55) we calculate the equations of tan-
gents to the null geodesics at the central singularity for
some special sub-classes of the generalised Vaidya space-
time with the specific mass function, m(v, r). In all these
mass functions, we can see that it is possible to obtain
at least one or more real and positive value of X0.
i. The self-similar Vaidya spacetime
In this case we consider the situation of a radial influx
of null fluid in an initially empty region of Minkowski
spacetime [4, 24]. The first shell arrives at r = 0 at
time v = 0 and the final shell at v = T . A central
singularity of the collapsing mass is developed at r =
0. For v < 0 we have m(v, r) = 0 and for v >
T we have m(v, r) = M0 where M0 is the constant
Schwarzschild mass. For the weak energy conditions
to be satisfied, it is required that m˙(v, r) to be a
non-negative. We define the mass function as
m(v, r) = m(v), (68)
where
m(v) =

0, v < 0,
1
2λv, 0 ≤ v ≤ T,
M0, v > T.
(69)
The mass function is a non-negative increasing func-
tion of v for imploding radiation. For 0 ≤ v ≤ T ,
the solution is the self-similar Vaidya spacetime. For
this choice of mass function, using equation (55), we
get
X0 =
2
1− λX0 or X0 =
1±√1− 8λ
2λ
. (70)
This is similar to the solution obtained by Joshi [4].
This equation gives positive values ofX0 for all values
of λ in the range 0 < λ ≤ 18 . It can also be observed
that lim
k→0
k2ψ = 14λX
2
0 > 0 for all positive values of
X0; hence the singularity is strong.
ii. The charged Vaidya spacetime
This subclass of the generalised Vaidya spacetime has
been studied in great detail in [21–23]. We consider
here the form of the mass function in [5, 24]
m(v, r) = f(v)− e
2(v)
2r
, (71a)
where f(v) and e(v) are arbitrary functions rep-
resenting the mass and electric charge respectively
(limited only by the energy conditions), at the ad-
vanced time v. Particularly, we define these functions
as [25]
f(v) =

0, v < 0,
λv(λ > 0) 0 ≤ v ≤ T,
f0(> 0), v > T,
(71b)
and
e2(v) =

0, v < 0,
µ2v2(µ2 > 0), 0 ≤ v ≤ T,
e20(> 0), v > T.
(71c)
For this choice of mass function, using equation (55)
we obtain
µ2X30 − 2λX20 +X0 − 2 = 0. (72)
This equation is a polynomial of degree three with
the negative last term and positive first coefficient.
By the theory of polynomial functions, every equa-
tion of this nature must have at least one root which
is positive. The existence of these roots signifies
that the singularity is naked. In particular, when
µ2 = 0.001, λ = 0.01, then one of the roots of equa-
tion (72) is 2.077 and lim
k→0
k2ψ = 12X
2
0
(
λ− µ2X0
)
=
0.0171 > 0. Therefore the condition for a strong
naked singularity is satisfied.
iii. The charged Vaidya-deSitter spacetime
The charged Vaidya-deSitter solution is a generalised
Vaidya solution of a charged null fluid in an expand-
ing de-Sitter background [25]. We define the mass
mass function as
m(v, r) = m(v)− e
2(v)
2r
+
Λr3
6
, (73)
9where f(v) and e(v) are arbitrary functions repre-
senting the mass and electric charge respectively, and
Λ 6= 0 is the cosmological constant. For the weak
energy condition to be satisfied, it is required that
rm˙(v) − e(v)e˙(v) to be non-negative [5, 25]. We
specifically define the functions similar to that of
charged Vaidya and the algebraic equation that gov-
erns the behaviour of the tangent vectors near the
central singularity comes out to be the same.
iv. The Husain solution
This is a solution of the Einstein field equations for
the null fluid with the equation of state % = kρ where
ρ = g(v)
4pir2k+2
, k 6= 12 [5, 14]. This solution is a subclass
to the generalised Vaidya solutions with the mass
function given by
m(v, r) =
{
q(v)− g(v)
(2k−1)r2k−1 , k 6= 12 ,
q(v) + g(v) ln r, k = 12 ,
(74a)
where q(v) and g(v) are arbitrary functions which
are restricted only by the energy conditions. For the
dominant energy conditions to be satisfied, it is re-
quired that g(v) ≥ 0 and either g˙(v) > 0 for k < 12 or
g˙(v) < 0 for k > 12 . The weak or strong energy con-
ditions are satisfied when ρ ≥ 0, % ≥ 0. We consider
the case when k 6= 12 and define the mass function as
q(v) =

0, v < 0,
1
2λv(λ > 0), 0 ≤ v ≤ T,
q0(> 0), v > T,
(74b)
and
g(v) =

0, v < 0,
µ2v2k, 0 ≤ v ≤ T,
g0(> 0), v > T.
(74c)
For this mass function using equation (55), we get
2µ2
(
1− 2k
2k − 1
)
X2k+10 + λX
2
0 − 2X0 + 4 = 0. (75)
This equation can be solved to get some positive
roots X0 for some particular values of µ
2, k and
λ. In particular, when µ2 = 0.001, k = λ = 0.01,
then one of the roots of equation (75) is 2.00408
and lim
k→0
k2ψ = 14X
2
0
(
λ− 4kµ22k−1X2k−10
)
= 0.506 > 0.
This shows that the singularity is naked and strong.
Table I gives a summary of the equations of tangent to
the singularity curve X0 and the value of lim
k→0
k2ψ for cho-
sen mass functions in some sub-classes of the generalised
Vaidya spacetime.
VII. CONCLUDING REMARKS
In this paper we developed a general mathematical for-
malism to study the gravitational collapse of the gen-
eralised Vaidya spacetime in the context of the Cosmic
Censorship Conjecture. We studied the structure of the
central singularity to show that it can be a node with
outgoing radial null geodesics emerging from the singu-
lar point with definite value of the tangent, depending
on the nature of the generalised Vaidya mass function
and the parameters in the problem. The key points that
emerged transparently from this analysis are as follows:
• It is quite clear that given any realistic mass func-
tion, there always exists an open set in the param-
eter space for which the central singularity is naked
and CCC is violated. A similar result is well known
for pure Type I matter fields [26, 27]. Hence we can
conclude that the occurrence of naked singularity is
quite a ”stable” phenomenon even when the nature
of matter field changes by combining a radiation-
like field along with a collapsing perfect fluid.
• It is also evident that for an open set in the pa-
rameter space, these naked central singularities are
strong and they cannot be regularised anyway by
extension of spacetime through them. This has
far reaching consequences as their presence will no
longer make the global spacetime future asymptot-
ically simple, and the proofs of black hole dynamics
and thermodynamics have to be reformulated.
• Finally the generalised Vaidya spacetime is a more
realistic spacetime than pure dust-like matter or
perfect fluid, during the later stages of gravitational
collapse of a massive star. A collapsing star should
always radiate and hence there should be a com-
bination of light-like matter along with a perfect
fluid. Therefore a violation of censorship in these
models should have novel astrophysical signatures
which are yet to be properly deciphered.
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